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Continuations in real life
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Delimited continuations in real life
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Expressiveness of continuations

• Exceptions

•Nondeterminism

• State

•Generators/iterators

• Futures/promises

•Async/await
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Implementations of continuations
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HaskellOCamlRacket

EffektKoka Links

Prolog



Applications Theory Learning

My continuations research
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2013: Joining NL lab at Ochanomizu
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A research visit to NYU
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Chris Barker



Calculating the meaning of sentences
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John loves Mary 𝐿𝑜𝑣𝑒(𝑗,𝑚)



Calculating the meaning of sentences
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John ◁ (loves ▷Mary) 𝐿𝑜𝑣𝑒(𝑗,𝑚)

John = 𝑗
Mary = 𝑚
loves = 𝜆𝑜. 𝜆𝑠. 𝐿𝑜𝑣𝑒(𝑠, 𝑜)



Quantification [Shan '04]
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John loves everyone ∀𝑥. 𝐿𝑜𝑣𝑒(𝑗, 𝑥)



Quantification [Shan '04]
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John ◁ (loves ▷ everyone) ∀𝑥. 𝐿𝑜𝑣𝑒(𝑗, 𝑥)



Quantification [Shan '04]
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John = 𝑗
loves = 𝜆𝑜. 𝜆𝑠. 𝐿𝑜𝑣𝑒(𝑠, 𝑜)

everyone = ??

John ◁ (loves ▷ everyone) ∀𝑥. 𝐿𝑜𝑣𝑒(𝑗, 𝑥)



Quantification [Shan '04]
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John = 𝑗
loves = 𝜆𝑜. 𝜆𝑠. 𝐿𝑜𝑣𝑒(𝑠, 𝑜)

everyone = 𝑺𝑘. ∀𝑥. 𝑘 𝑥

John ◁ (loves ▷ everyone) ∀𝑥. 𝐿𝑜𝑣𝑒(𝑗, 𝑥)

shift



Quantification [Shan '04]

15

John = 𝑗
loves = 𝜆𝑜. 𝜆𝑠. 𝐿𝑜𝑣𝑒(𝑠, 𝑜)

everyone = 𝑆𝑘. ∀𝑥. 𝑘 𝑥

John ◁ (loves ▷ everyone) ∀𝑥. 𝐿𝑜𝑣𝑒(𝑗, 𝑥)

⟨𝐸 𝑆𝑘. 𝑒 ⟩ → ⟨𝑒[λ𝑦. ⟨𝐸 𝑦 ⟩/𝑘]⟩

shift

reset



Quantification [Shan '04]
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John = 𝑗
loves = 𝜆𝑜. 𝜆𝑠. 𝐿𝑜𝑣𝑒(𝑠, 𝑜)

everyone = 𝑆𝑘. ∀𝑥. 𝑘 𝑥

⟨John ◁ (loves ▷ everyone)⟩ ∀𝑥. 𝐿𝑜𝑣𝑒(𝑗, 𝑥)



shallow
(Felleisen's control)

deep
(Danvy & Filinski's shift)

<E[Sk. e]>

Deep vs. shallow semantics in PL
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k = λy. <E[y]>

<E[Ck. e]>

k = λy. E[y]



Deep vs. shallow semantics in NL [Cong+ '15]
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John introduced someone to everyone

∃𝑥. ∀𝑦. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦) ∀𝑦. ∃𝑥. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

direct scope reading
(natural)

inverse scope reading
(hard)



Deep vs. shallow semantics in NL [Cong+ '15]
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∃𝑥. ∀𝑦. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

someone = 𝑺𝑘. ∃𝑥. 𝑘 𝑥
everyone = 𝑺𝑘. ∀𝑦. 𝑘 𝑦

deep, i.e., continuation 
includes reset

∀𝑦. ∃𝑥. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

John introduced someone to everyone



Deep vs. shallow semantics in NL [Cong+ '15]

20

∃𝑥. ∀𝑦. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

someone = 𝑪𝑘. ∃𝑥. 𝑘 𝑥
everyone = 𝑪𝑘. ∀𝑦. 𝑘 𝑦

shallow, i.e., continuation 
does not include reset

∀𝑦. ∃𝑥. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

John introduced someone to everyone



Deep vs. shallow semantics in NL [Cong+ '15]
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∀𝑦. ∃𝑥. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

John introduced someone to everyone

∃𝑥. ∀𝑦. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒(𝑗, 𝑥, 𝑦)

someone = 𝑺𝑘. ∃𝑥. 𝑘 𝑥
everyone = 𝑺𝑘. ∀𝑦. 𝑘 𝑦

someone = 𝑪𝑘. ∃𝑥. 𝑘 𝑥
everyone = 𝑪𝑘. ∀𝑦. 𝑘 𝑦



2016: Joining PL lab at Ochanomizu
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A research visit to NEU
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Matthias Felleisen



A research visit to NEU

24

William Bowman

Nick Rioux

Amal Ahmed



Dependent type preserving compilation
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head : Vec A (suc n) → ASource

Target

…

head : Vec ⟦A⟧ (suc n) → ⟦A⟧

CPS

closure conversion
IL1

IL2



Known challenge
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Barthe, 
Hatcliff, 
Sørensen
HOSC '99

they [CPS translations] cannot be extended
readily to Σ types as the usual translation for
pairs does not preserve typing.

Γ ⊢ (e1, e2) : Σx : A. B

Γ ⊢ e1 : A  Γ ⊢ e2 : B[e1/x]

Γ ⊢ snd e : B[fst e/x]
Γ ⊢ e : Σx : A. B



CPS'ing second projection (simply typed)
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snd e : B             where e : A × B

λk. ⟦e⟧ (λv. snd v k) : (⟦B⟧ → ⊥) → ⊥

⟦B⟧ → ⊥

(⟦B⟧ → ⊥) → ⊥



CPS'ing second projection (dependently typed)

snd e : B[fst e / x]   where e : Σx : A. B
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⟦B⟧[⟦fst e⟧ / x] → ⊥

λk. ⟦e⟧ (λv. snd v k) : (⟦B⟧[⟦fst v⟧ / x] → ⊥) → ⊥
(⟦B⟧[fst v / x] → ⊥) → ⊥



Intuition
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fst v = fst val-of(⟦e⟧) = fst (⟦e⟧ id) = ⟦fst e⟧

λk. ⟦e⟧ (λv. snd v k) : (⟦B⟧[⟦fst v⟧ / x] → ⊥) → ⊥

unique if e is pure

snd e : B[fst e / x]   where e : Σx : A. B



Solution [Bowman, Cong, Rioux, Ahmed '17]
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1. Polymorphic answer type

fst v = fst val-of(⟦e⟧) = fst (⟦e⟧ C id) = ⟦fst e⟧

e : A

λα. λk. e' : Πα.(⟦A⟧ → α) → α

where C = Σx : ⟦A⟧'. ⟦B⟧'

λα.λk.⟦e⟧ α (λv.snd v α k) : Πα.(⟦B⟧[⟦fst e⟧ / x] → α) → α



Solution [Bowman, Cong, Rioux, Ahmed '17]
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2. New typing rule

fst v = fst val-of(⟦e⟧) = fst (⟦e⟧ C id) = ⟦fst e⟧

Γ ⊢ e1 : ∀α.(A → α) → α

Γ ⊢ e1 B (λv. e2) : B

Γ, v = e1 A id ⊢ e2 : B

λα.λk.⟦e⟧ α (λv.snd v α k) : Πα.(⟦B⟧[⟦fst e⟧ / x] → α) → α

where C = Σx : ⟦A⟧'. ⟦B⟧'



Solution [Bowman, Cong, Rioux, Ahmed '17]
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e B k ≡ k (e A id) 

fst v = fst val-of(⟦e⟧) = fst (⟦e⟧ C id) = ⟦fst e⟧

λα.λk.⟦e⟧ α (λv.snd v α k) : Πα.(⟦B⟧[⟦fst e⟧ / x] → α) → α

3. New equivalence rule

where C = Σx : ⟦A⟧'. ⟦B⟧'



Type preservation

If Γ ⊢ e : A in the source,
then ⟦Γ⟧ ⊢ ⟦e⟧ : Πα. (⟦A⟧ → α) → α in the target.
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Proof: By induction on the typing derivation.



Known challenge
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Herbelin
TLCA '05

We show that a minimal dependent type theory 
based on Σ-types and equality is degenerated in 
presence of computational classical logic.



CPS of second projection (pure)
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unique if e is pure

snd e : B[fst e / x]   where e : Σx : A. B

fst v = fst val-of(⟦e⟧) = fst (⟦e⟧ C id) = ⟦fst e⟧

λα.λk.⟦e⟧ α (λv.snd v α k) : Πα.(⟦B⟧[⟦fst e⟧ / x] → α) → α

where C = Σx : ⟦A⟧'. ⟦B⟧'



CPS of second projection (impure)
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snd e : B[fst e / x]   where e : Σx : A. B

not unique if e is impure
(e.g., e = Sk. k 1 + k 2 ⇒ v = 1, 2

fst v ≠ fst val-of(⟦e⟧) = fst (⟦e⟧ C id) = ⟦fst e⟧

λα.λk.⟦e⟧ α (λv.snd v α k) : Πα.(⟦B⟧[⟦fst e⟧ / x] → α) → α

where C = Σx : ⟦A⟧'. ⟦B⟧'



Solution: purity restriction [Cong & Asai '18]
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Types may depend only on pure terms

Vec Nat 3 Vec Nat Sk. 3✓ ❌



Solution: purity restriction [Cong & Asai '18]
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Γ ⊢p e : A Γ ⊢α,β e : A

pure
impure (change context 
type from α to β)



Solution: purity restriction [Cong & Asai '18]
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Γ ⊢p e : Σx : A. B

Γ ⊢p snd e : B[fst e / x]

Γ ⊢α,β e : A × B
Γ ⊢α,β snd e : B

e pure ⇒
may appear in types

e impure ⇒
may not appear in types



Type preservation

• If Γ ⊢p e : A in the source,
then ⟦Γ⟧ ⊢ ⟦e⟧ : Πα. (⟦A⟧ → α) → α in the target.

• If Γ ⊢α,β e : A in the source,
then ⟦Γ⟧ ⊢ ⟦e⟧ : (⟦A⟧ → ⟦α⟧) → ⟦β⟧ in the target.
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Proof: By induction on the typing derivation.



2019: Joining PRG at Tokyo Tech
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A visitor from Linköping
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Filip Strömbäck



A language for learning continuations
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□ control constructs
□ stepping evaluator
□ continuation visualizer

+ ✓
✓



Example of Pyret program

fun sum(l):
doc: "compute the sum of numbers in list l"
cases (List) l:

| empty => 0
| link(x, xs) => x + sum(xs)

end
end
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Pyret online editor
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Extension 1: grab/delimit

delimit:
2 * grab(k): k(k(5)) end

end  # 20

Cf: lambda abstraction
lam(x): 2 * x end

46

shift

reset



Extension 2: send/run

run:
2 * send(5)

with handler(x, k): k(k(x))
end  # 20

47

fcontrol



Extension 3: effect handlers
effect Exn:
| raise(v)

end

handler (Exn) abort:
| raise(v), k => v

end

handle: 2 * raise(5) with abort  # 5
48



Stepping evaluator
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A course on continuations (June – July)
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1. Introduction
2. FP basics
3. CPS
4. grab/delimit
5. send/run
6. Effect handlers
7. Mixing effects

8. Linguistic applications
9. Untyped λ calculus
10. Typed λ calculus
11. λ + grab/delimit
12. λ + send/run
13. λ + effect handlers
14. Wrap-up



Continuation of my research

•Applications:
Reactive programming, probabilistic programming

• Theory:
Compilation of non-algebraic effects

• Learning:
Students' difficulties, learning support
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Wrapping up

Continuations are interesting to study!
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Thanks to...


